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Abstract

The paper studies the simultaneous spread of two competing viruses over a network of population nodes with higher-
order interactions (HOI) using a continuous-time time-invariant competitive bivirus networked susceptible-infected-
susceptible (SIS) system. In this paper, by HOI, we mean interactions among group sizes of no more than three nodes.
The first key contribution is to establish several important general properties for generic systems. Namely, there are a
finite number of equilibria, each equilibrium is nondegenerate, and the system is a strongly monotone dynamical system.
Put together, we establish that for almost all initial conditions, the system will converge to a stable equilibrium (of
which there may be many). We then turn our focus to characterizing the existence and stability of the equilibria of this
system, which are i) the disease-free equilibrium (DFE), ii) single-virus endemic equilibria, and iii) coexistence equilibria
(where both viruses are present). We present a range of conditions on the existence or nonexistence of various equilibria.
Two key features underpin our results: First, we substantially relax the connectivity conditions of the network relative
to existing literature. More specifically, for securing several important general properties for generic systems, we do
not require strong connectivity of the pairwise interaction graph. Second, we identify dynamical phenomena, including
multiple stable equilibria, which are known to be impossible without HOI. The latter illustrates the novel insights that
are obtained by including HOI into models of epidemic spread. Finally, we illustrate our results using several numerical
examples.
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1. Introduction the pathways for the virus to spread. Initially, networked
SIS models considered a single virus circulating in the net-

Mathematical modeling of epidemic spreading processes work. In the past decade, there has been growing interest

has garnered the interest of multiple scientific communi-
ties, and has proven to be critical to policymakers and gov-
ernments in planning responses to epidemics as highlighted
by the COVID-19 pandemic (Giordano et al., |2020; Fergu-
son et al., 2020). Compartmental models are a fundamen-
tal paradigm, where individuals transition between mutu-
ally exclusive health compartments. Popular implemen-
tations include the susceptible-infected-recovered (SIR),
the susceptible-infected-susceptible (SIS) (Brauer et al.
2008}, [Pastor-Satorras et al., [2015), and the susceptible-

asymptomatic-infected-recovered (SAIR) models (Stella et al.l

2022).

The present paper deals with a networked SIS model,
first studied by (Lajmanovich and Yorke, 1976). In this
model, each node in the network represents a large popu-
lation, and the interconnection among the nodes indicating
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in multiple viruses simultaneously circulating in the net-
work. In such settings, the viruses can be competitive
(Liu et al. 2019) or cooperative (Gracy et al., |2025)). In
the competitive case, as considered in this paper, infection
with one virus rules out the possibility of simultaneous
infection with another virus. Examples include the simul-
taneous circulation of multiple strains of influenza A virus
(Nuno et al. 2005)); the spread of different strains of gon-
orrhea (Castillo-Chavez et al., [1996)); and the spread of in-
fluenza A virus and rhinovirus (Nickbakhsh et al.| [2019)).
Outside of epidemics, the notion of competitive viruses
can be used to understand product adoption in a market-
place (Aral and Walker, 2011)), the spread of opinions in
social networks (Myers and Leskovec, 2012), individuals’
opinions about politicians from opposing parties (Trpevski
et al., [2010), and in alternative farming practices (Paré
et al., 2021)).

The dynamics of competitive networked multi-virus SIS
models are more involved than their single-virus counter-
parts (Ye and Andersonl, 2022)). Specifically, the complex-
ity stems from the fact that, instead of being concerned
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with merely the survival or extinction of a single virus,
one must consider the survival or extinction of multiple
viruses, including simultaneous survival (coexistence). A
key distinguishing property of multi-virus models is that
of multistability, i.e., a system has multiple locally stable
equilibria and the equilibrium point to which the system
converges depends on the initial condition. However, clas-
sical multi-virus SIS models do not account for the impact
of higher-order interactions (HOIs) in the transmission of
the virus.

Broadly speaking, HOIs are interactions whereby the
effect is present only when three or more individuals in
a population node or possibly across different population
nodes simultaneously interact, in contrast to the pairwise
interactions of classical networks (Battiston et al.l 2020)).
There is a growing interest in modeling HOIs in networks
(not only for epidemics but also in social and ecologi-
cal contexts). In particular, HOIs have been linked to
phenomena and dynamical regimes not possible with just
pairwise interactions (lacopini et al.l |2019; |Grilli et al.
2017; [Mayfield and Stouffer, [2017; |Gibbs et al., 2022).
This claim has been further strengthened by contribu-
tions pertaining to the spread of opinions on Facebook;
see (Ugander et al., |2012)). Other examples include socio-
economic systems where activity is often jointly coordi-
nated between multiple agents (e.g., buyer, seller, broker)
(Bonacich et al.l 2004); and biochemical systems whre re-
actions may often involve more than two species, or two
reagents might interact only in the presence of an en-
zyme (Klamt et al.| [2009). In the context of epidemics,
super-spreader events that involve large groups of people
interacting in a short time window are of particular con-
cern (Lemieux et al.l 2021, and, since classical epidemic
models are based on dynamical pairwise interactions be-
tween individuals, and hence cannot capture and repro-
duce such large group interactions, HOIs have been re-

cently proposed to capture such super-spreader events (Wang

et al.|, |2024; |[Zino and Rizzo, [2024)).

The present paper focuses on the spread of two com-
peting viruses over a networked SIS system, with the infec-
tions captured by a (possibly) directed hypergraph. In our
context, HOIs capture a susceptible individual interacting
simultaneously with more than one infected individual, but
no more than two infected individuals. Hypergraphs, viz.,
graphs in which an edge can connect more than two nodes,
provide one tool to model HOIs, with simplicial networks
being a different method (Battiston et al., |2021)). SIS net-
works with HOIs, as captured by a hypergraph, have been
studied previously. An SIS model on a hypergraph, albeit
with certain restrictions imposed on the network structure,
has been studied by (de Arruda et al., |2020)), building on
the approach of [lacopini et al.| (2019), which is a scalar
model. The findings by (lacopini et al. [2019) have been
extended to the network case by (Cisneros-Velarde and
Bullo, 2021). These aforementioned works only consider
a single virus, as opposed to multiple competing viruses.
This limitation has been partly overcome by (Cui et al.,

2025) with a bivirus competitive networked SIS model with
HOIs (i.e., two competing viruses).

Paper Contributions

The present paper analyzes a competitive networked
bivirus SIS model with HOIs. Our contributions signifi-
cantly extend the existing literature on such models via
two core streams.

First, we establish general properties of generic sys-
tems to provide insight and global understanding of the
dynamics of competitive virus spread on networks with
HOIs. The term generic system connotes generic param-
eter choices; in contrast, nongeneric systems have param-
eters that can be characterised by an algebraic or semi-
algebraic set. We prove that the system is a strongly
monotone dynamical system (Theorem [1)). The Paramet-
ric Transversality Theorem from differential topology is
used to establish that for generic systems, there are a finite
number of equilibria and each equilibrium is nondegener-
ate, viz., the Jacobian is nonsingular at the equilibrium
(Theorem . These two properties allow us to establish a
third important conclusion on the limiting behavior of the
system (Theorem : for almost all initial conditions ex-
cept possibly a set of measure zero, the system converges
to a stable equilibrium. This allows us to set aside many
questions of asymptotic behavior, and focus on character-
ization of equilibria. A key feature of our findings in The-
orems is that we do not require strong connectivity of
the pairwise interaction digraph - this is in sharp contrast
with (Cui et al, 2025, Theorem 10).

As noted in the abstract, there are three types of equi-
libria, viz., disease-free equilibrium (DFE), single-virus en-
demic equilibrium, and coexistence equilibria. Our second
stream identifies a number of different conditions (both
necessary, and separately, sufficient) that characterize the
existence (or nonexistence) and local stability properties
of the equilibria. This includes the existence and local
stability of the DFE and single-virus endemic equilibria
corresponding to each of the two viruses (Proposition [2),
results on the system when only one virus is present (The-
orem M|) and conditions for the existence or nonexistence
of coexistence equilibria (Theorem [5, and Proposition [6]
respectively). Proposition [2| highlights an interesting phe-
nomenon. Namely, we identify a class of parameters that
permits tristability (three locally stable equilibria), the
first being the DFE and the other two being single-virus
endemic equilibria corresponding to each of the two viruses.
The phenomenon of simultaneous stability of multiple en-
demic equilibria has been observed in the context of spread
of two strains of tuberculosis, a drug-sensitive one and a
multi-drug-resistant strain (Gumel and Song, |2008). Note
that in the classical bivirus SIS setting, it is impossible for
the DFE and an endemic equilibrium to be simultaneously
stable (Ye and Anderson, 2022, Section E), showcasing the
impact of HOIs.

As a byproduct, we also make the following auxiliary
contributions. For the directed hypergraph associated with
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Figure 1: A summary of the key contributions of this paper and their
relations, covering i) general convergence properties, ii) the DFE and
single-virus endemic equilibria, and iii) coexistence equilibria.

our system, we provide two algebraic characterizations for
strong connectivity (Proposition [1| and Corollary . We
identify a sufficient condition for two single-virus endemic
equilibrium (corresponding to each of the two viruses) to
be simultaneously unstable (Proposition . A class of
system parameters that admits at least one coexistence
equilibrium, when two single-virus endemic equilibria (one
each corresponding to each of the two viruses) are unsta-
ble, has been identified in (Cui et al., 2025, Theorem 9).
We provide a novel proof for a special case of (Cui et al.
2025, Theorem 9); see the proof of Proposition Figure
provides a summary of the key contributions and how they
relate to each other.

Some of the results in this paper have appeared in
the Proceedings of the 2024 American Control Conference
(Gracy et all [2024)). Note that Proposition [1} Corollary
Corollary |2) Lemma |5, Theorem [1| (and hence Lemma
Theorem (and hence Lemma , Theorems |3| and 4] and
Propositions and |§| were not included in (Gracy et al.,
2024).

Structure of the Paper

The paper is organized as follows. We present relevant
notation, and recall certain graph-theoretic notions in the
rest of this section. We introduce the competitive net-
worked bivirus SIS model with HOI, and formally state
the problems of interest in Section Our main results
are split across Section [3] [ and [5} Simulations to illus-
trate our theoretical findings are in Section [6} Finally, we
conclude our paper in Section [7}

1.1. Notations and some preliminaries on linear algebra
We denote the set of real numbers by R, and the set of
nonnegative real numbers by R,. For any positive integer
n, we use [n] to denote the set {1,2,...,n}. The i*® entry
of a vector z is denoted by z;. The element in the i*® row
and j* column of a matrix M is denoted by M;;. We use
0 and 1 to denote the vectors whose entries all equal 0
and 1, respectively, and use I to denote the identity ma-

trix, while the sizes of the vectors and matrices are to be
understood from the context. For a vector x we denote

Table 1: Summary of key variables and their description

Var. Description

z (1) Fraction of node 7 infected with virus k € {1,2}
at time ¢

ak. Corresponds to a pairwise edge for virus k from

ij
node j to node 1.

bfjl Corresponds to an HOI edge for virus k, from
nodes j and node ¢, to node i.
f Infection rate of virus k due to pairwise edges
§ Infection rate of virus k due to HOI edges
55 Recovery rate of node i from virus k.
Ak = [afj] Matrix comprised of the entries afj
BF = [bfjl] Matrix comprised of the entries bfﬂ model.

DF = diag((sf) Diagonal matrix of the recovery rates for virus k

the diagonal square matrix with x along the diagonal by
diag(z). For any two real vectors a,b € R™ we write a > b
if a; > b; for all i € [n], a > bif a > b and a # b, and
a>bif a; > b; for all ¢ € [n]. Likewise, for any two real
matrices A, B € R™*™, we write A > B if A;; > B;; for
alli € [n],j €[m],and A > Bif A> Band A # B. For a
square matrix M, we use o(M) to denote the spectrum of
M, p(M) to denote the spectral radius of M, and s(M) to
denote the largest real part among the eigenvalues of M,
ie., s(M)=max{Re(\) : A € o(M g)} We denote a subset
lgy ]]:3) \QQ , a proper subset by P C @, and a set difference
Ay real square matrix A is called Metzler if all its off-
diagonal entries are nonnegative. If A(= [aij]nxn) Is a

nonnegative matrix, then p(A) decreases monotonically
with a decrease in a;; for any 4,5 € [n]. The matrix A
is reducible if, and only if, there is a permutation matrix

P such that PT AP is block upper triangular; otherwise, A
is said to be irreducible. If a nonnegative A is irreducible,
and Az = y for x > 0, then y > 0, and y cannot have
a zero in every position where z has a zero. A summary
of the key notations used in the present paper is given in
Table [11

1.2. Graph theoretical notions

The notion of hypergraphs will play a crucial role in
our analysis. Here, we recall certain concepts related to
hypergraphs that will be needed in the sequel.

Note that the hypergraphs of interest in this paper have
two important characteristics: they are directed, and the
head vertezr set of any hyperedge is always a single vertex;
the latter is a consequence of the restriction imposed in
this paper that an individual in node ¢ can simultaneously
interact with individuals belonging to at most two different
nodes, say node j and node £. For such a hypergraph
H = (V,E), where V is the vertex set, and &£ is the set of
hyperedges, each hyperedge e € £ is defined by an ordered
pair e = (S, v) where S is a set of tail vertices and v € V is
a head vertez. In fact, each hyperedge consists of either a
simple edge joining two vertices or a pair of edges leaving
from two possibly different vertices but terminating in a
single vertex. For the special case where all tail vertex sets
have one element, the notions of directed hypergraph and
directed graph coincide.



Following the nomenclature in (Ausiello and Laural
2017), we say that a hyperpath from a set of vertices S;
to a single vertex t is an alternating sequence of vertices
and hyperedges P = {S1,e1,v2, €3,03, ..., e, t} such that
(identifying ¢ with vi41)

i) For each j = 1,2,...,k, there holds e; = (S;,vj41)
for some S; satisfying S; € St U {vo,v3,...,v;-1},
and

ii) For each j =2,...,k+ 1, there holds v; € UgZQSj.

Thus, each hyperedge used in the hyperpath must be
a hyperedge of H, all the tail vertices of a given hyperedge
must have been reached previously in the hyperpath, and
the head vertex is in the tail vertex set of another hyper-
edge. A directed hypergraph is strongly connected when,
between any two vertices, there is a hyperpath.

It is clear that this is an equivalence relation for the ver-
tices, and paralleling the situation applicable for a directed
graph, the vertices of a hypergraph can be partitioned into
subsets, with each subset constituting vertices that are
maximally strongly connected. Further, from such a par-
tition, a condensation graph (Bullo| [2024, Section 3.3.1)
can be constructed, with each vertex corresponding to one
maximal strongly connected set of vertices of the original
hypergraph, and with an edge directed from one vertex
of the condensation graph, call it a, to another, call it b,
when the corresponding vertex sets S, and Sy of the origi-
nal hypergraph have the property that there is a hyperedge
from S, to any vertex in S,. The condensation graph is
an acyclic directed graph.

As such, and assuming the original hypergraph is not
strongly connected, the condensation graph has more than
one node, and the condensation graph has at least one
leaf node. Consequently, in the hypergraph, there is one
maximally strongly connected set of vertices from which no
other vertex, outside that set, is reachable. If the vertex set
is denoted by Sy, there is no vertex v outside Sy such that
for Hy a subset of Sy, (Hp,v) is an edge of the hypergraph.

2. Problem Formulation

2.1. Model

Consider a network of n nodes. A node represents a
Well—mixedEI population of individuals; the size of the pop-
ulation is fixed. We suppose that there are two viruses,
say virus 1 and virus 2, spreading over such a network.
Throughout this paper, we will assume that the two afore-
mentioned viruses are competing with each other, which
implies that no individual can be simultaneously infected
with virus 1 and with virus 2. Through pairwise or higher-
order interactions (HOI) (which we describe in more detail
below), a healthy individual in node i gets infected with
virus 1 (resp. virus 2) due to contact with either other

IWell-mixed means that the probability of any two individuals in
a node interacting with each other is the same.

individuals who are infected with virus 1 (resp. virus 2).
When, at a given time instant, a single interaction is in-
volved (i.e., between two individuals in node i or between
an individual in node ¢ and an individual in node j), we
say that the infection is due to pairwise interactions. An
individual in node ¢ might also be infected with virus 1
(resp. virus 2) due to simultaneous interactions with in-
fected individuals in nodes j and ¢, where, with j being
possibly equal to ¢ either a) j = i, and/or ¢ = i, or b)
j, ¢ are neighbors of i. Such interactions are referred to as
higher-order interactions (HOI).

We assume that the pairwise infection (resp. HOI)
rate with respect to virus k is the same for all nodes, i.e.,
Br (resp. (%) for all i € [n] and k € [2]. An individual
infected with virus k, depending on its healing rate §¥,
recovers from said infection and becomes susceptible to
again being infected by virus 1 or by virus 2. For a given
node, all individuals in it have the same healing rate with
respect to virus k; individuals in different nodes possibly
have different healing rates. Node 7 is said to be healthy if
all individuals in node 7 are healthy; otherwise, we say it is
infected. Note that, within the same node, it is possible for
there to exist simultaneously i) a fraction that is infected
with virus 1, and ii) a different fraction that is infected
with virus 2.

The spread of the two competing viruses, with the pos-
sibility of HOI factored in, can be modeled using a 2-layer
hypergraph, say G. The vertices of G represent the popula-
tion nodes. The k' layer denotes the contact hypergraph
for the spread of virus k, where k = 1,2. More specifically,
for each layer of G, there exists a hyperedge correspond-
ing to i) each pairwise interaction between individuals in
nodes j and i, and ii) each HOI jointly between individ-
uals in node j and individuals in node ¢, and individuals
in node i. Let E* denote the hyperedge set correspond-
ing to the k*™® layer of G. Let A* (where afj > 0) denote
the matrix, the entries of which capture the strength of
pairwise interactions with respect to virus k. For each
node i, let BF = [bfﬂ} denote the matrix whose entries
capture the strength of HOI with respect to virus k. The
rows and columns of BY are indexed by j and ¢, which are
the tail vertices of the hyperedge linking those vertices to
vertex i. Clearly, the matrix must be symmetric. It is,
however, easier when j # ¢, to take each of (BF);, and
(BF)¢; to be one-half the total strength of the interaction
attributable to the hyperedge. To summarize, for the k"
layer of the hypergraph G, there exists a directed hyper-
edge from node j to node ¢ or from nodes j,¢ to node i
if, and only if, a¥; > 0 or bsz > 0. Note that 8F can be
considered the base infection rate for virus & for pairwise
(¢ = 1) and HOI (i = 2) interactions, while afj and bfﬂ
are parameters that scale this base rate. We choose this
notation for convenience and to be consistent with past
literature concerning HOI models (Cisneros-Velarde and
Bullo}, 2021} |Cui et al., 2025, [2024), but point out that
our formulation allows complete heterogeneity in infection
rates for each node, in line with classical SIS bivirus liter-



ature (Liu et al.| [2019).

We use x%(t ) to denote the fraction of individuals in-
fected with virus k in node i at time instant ¢. The evo-
lution of this fraction can, therefore, be represented by
the following scalar differential equation (Cui et al., |2025]
Section 5). Specifically, for i = 1,2,...,n, we have

i == okl + Al —xl — o) 3]
a1 -z

j=1 a”x]—l—

- 332) Z] =1 bzljéx )

2 = — 6222 4+ BE(1 — a} — 2?) Z;’ L a5 xT+
s3(1 — 552)2]@ 1bfjﬂ7 a; (1)
Define D' = diag(éil)7 where i = 1,2,...,n, and define D?
analogously. Define X! = diag(x}), where i = 1,2,...,n,

and define X? analogously. The matrices A* and Bf for
each i € [n] and k € [2] are as defined previously. Let
a* = [z} x5 xﬁ]T for k = 1, 2. Therefore, in
vector form, equation can be written as:

it =— D2l 4 I — Xt — xH)Alal4
B3I — X' — X*)((=")" Bia', (x") T B3, ..., (2") T Bya) "
i? = - D%2? + B2(1 — X' — X% A%:2 4
B3I — X' — X?)((2*)T Bfa?, (2*) T B32®,..., (2%) T Boa?) "
(2)
x ' Bix
x| Box
Note that (" Byz, 2" Box, ..., 2" Byz) | =
x| B,z

Note that the model in is indeed a compartmen-
tal model; it has three compartments S (susceptible), I'
(infected with virus 1) and I? (infected with virus 2) that
any individual can belong to, but the individuals are them-
selves identified with a specific population (node) in a net-
work setting. The presence of the HOI terms allows for
multiple interaction mechanisms for a susceptible individ-
ual to transition into either of the infected compartments.

We will sometimes refer to the hypergraph G described
above (constructed from the matrices A*, BF) as the hy-
pergraph associated with the system .

We will need the Jacobian of the right side of , and

we note for this purpose, using the symmetric nafure of
Bi, that

0 T T
@(1‘ BZ:B) = 2x Bie]-

and so
z " Bix z " B1
z " Box z " Bo
v . =2 . |. (3)
:rTBn:v ZL’TBn

We note that system is a special case of (Cui et al.|
2025, system 20) in the following sense: System only
accounts for the case where virus 1 (resp. virus 2) spread
only due to contact with the infected individuals. In con-
trast, the model in (Cui et all [2025) (see (Cui et all
2025, system 20)) allows for the possibility of the viruses
to spread through additional mediums such as a water dis-
tribution network, a public transit network, etc.

Remark 1 Note that setting 35 = 0 for k = 1,2 results
in system coinciding with the classic networked bivirus
SIS model, see (Ye and Anderson, |2022) and references
therein. Setting, for all t € R>q, z'(t) = 0 (resp. 2*(t) =
0) results in system coinciding with the model used for
studying the spread of a single virus over hypergraphs in

(Clisneros-Velarde and Bulld, [2021).

The Jacobian of system ([2) evaluated at an arbitrary point,
(x',2?), in the state space is as given in .

1 2y |Ju Ji2
sty = [ e (@)
where

Ji1=—D' 4+ 8(I — X' — X?)A' — diag(Bf A'z")+

BY(I — X — X%)O1(2') — B3 diag((2!) T Bla")iz1,2,...n
(5)
Jig = — diag(,B%Alxl) ,32 dlag((a: ) lel)i:LQ ,,,,, n (6)
Jo1 = — diag(87 A%z?) — B3 diag((2?) " B?2%)i=1,2,...n (7)
Jog = — D? 4+ B3I — X' — X?)A? — diag(87A%2?)+
B3I — X' — X?)Oa(a?) — B3 diag((2?) " B2a?)i=1,2,...n

The terms O;(z') and Oa(x?) are as given in (9)), being
obtained from :

()78 ()7 B?
(@) 5] (a?)7 B3

O1(zh) =2 O(z?) =2 : (9)
@) Bl (22)7 B2

We need the following assumption so as to ensure that
the model is well-defined.

Assumption 1 The matriz D*, for k = 1,2, is a positive
diagonal matriz. The matrices A*, for k = 1,2, and Bf
for i € [n] and k € [2] are nonnegative.

‘We define the set D as follows:

D= {(z",2?) | 2" >0,k =1,2,57_ 2" <1}.  (10)

It is known that the origin is always an equilibrium
for system , and, under Assumption (1} the set D is
positively invariant; see (Cui et al.l|2025, Lemma 3). The
fact that D is positively invariant guarantees that the state
values ¥ k € [2],i € [n], stay in the [0, 1] interval for all
time instants. Given that the states represent fractions of
a population node that is infected, values outside the [0, 1]
interval do not correspond to physical reality.

The model in system has three kinds of equilibria:

i) healthy state or disease-free equilibrium (DFE),

ii) (0,0); single-virus endemic equilibria corresponding
to virus k of the form (z*,0), where 0 < z¥ < 1 for
k=1,2, and

iii) coexisting equilibria, (z!,z?), where, as we will show
in Lemmal] 0 < 7',7% < 1, and 7' + 72 < 1



We will use the terms “single-virus endemic equilib-
ria” and “boundary equilibria” interchangeably. Note that
it is not known if the single-virus endemic equilibria cor-
responding to virus k are necessarily unique; the papers
(Cisneros-Velarde and Bullo, [2021; |Cui et al. 2025) iden-
tify conditions for the existence of a single-virus endemic
equilibria corresponding to virus k, but remain silent on
the question of uniqueness.

2.2. Strong connectivity for hypergraphs

Recall that a directed hypergraph is strongly connected
when, between any two vertices, there is a hyperpath. In
this subsection, we will provide an algebraic characteriza-
tion of the notion of strong connectedness in hypergraphs,
and state and prove several properties of the matrices asso-
ciated with a hypergraph that would be useful in proving
some of the main results of this paper. For ease of exposi-
tion, we recall the single-virus networked SIS HOI model,
which, as noted previously, is a special case of the model

in .
&(t) = — Da(t) + f1(I — X)Ax(t)
+ B2(I — X)(z(t) " Bra(t),z(t) " Baz(t), ..., z(t)  Bnz(t)) "
(11)
Let G denote the hypergraph associated with system ;
note that the hypergraph association is the same as stated
above for system , except here we consider just a single
layer.
With the graph G defined, the following proposition
gives an algebraic characterization of the notion of strong
connectedness in hypergraphs.

Proposition 1 Consider system . The following two
conditions are equivalent:

i) The hypergraph G is not strongly connected.

ii) There exists a strict subset Sy of the vertex set V, as-
sumed to have |Sp| = ng < n, such that if the vertices
are ordered so that all vertices in Sy appear before the
remaining n1 = n — ng vertices, then the matrices A
and B; have the following structural properties:

_ Ao Ao
A [ ; AH] (12)

and for all i & Sy, i.e., for alli € {ng+1,...,n},

0 (Bi)01:| (13)

Proof: Suppose that the hypergraph G is not strongly
connected. Construct Sy as described in subsection [T.2] If
the Ajg (i.e., 2-1) block of A had a nonzero element, this
would indicate the existence of a simple edge from one
vertex in Sy to a vertex in V' \ Sy, which would contradict
the defining property of Sy that there is no join of a single
vertex in Sy to a vertex outside Sy. Similarly, if the (B;)oo
or 1-1 block of B; had a single nonzero entry for some
i ¢ Sop, this would indicate the existence of a vertex pair
of Sy with a hyperedge to a vertex i outside Sy. Hence the

zero entries of A and B; are a necessary consequence of the
lack of strong connectedness of the hypergraph. The ar-
gument is very straightforward to reverse, to complete the
demonstration of the equivalence of the two conditions. Il

Proposition [I|is a generalization to hypergraphs of the
well-known connection between the notion of irreducibil-
ity of the adjacency matrix and strong connectivity of a
directed graph. There is an additional property of nonneg-
ative irreducible matrices that is useful to generalize to the
hypergraph context. Recall first that a nonnegative ma-
trix A is irreducible if and only if for any nonnegative and
nonzero vector x, the vector Az has at least one nonzero
entry in the same position as where x has a zero entry (see
Section . The following is a generalization of this idea.

Lemma 1 Consider system . Let x be an arbitrary
nonnegative but nonzero mn-vector and suppose that

J1s92, -4 Jn, denote the indices of the zero entries of x.
Then under the condition that the entries (Ax);, of Az and
the scalars xTBjkx forallk=1,2,...,n1 are all zero, the
hypergraph is not strongly connected. Conversely, if the
hypergraph is not strongly connected, there exists such a
nonnegative x such that the nominated quantities are zero.

Proof: Suppose there exists a nonnegative but nonzero
x for which the condition of the Lemma statement is ful-
filled. Reorder the entries of z and correspondingly the
rows and columns of A and the B;, including the indexing
of this matrix set, so that the nonzero entries of = occur
before all the zero entries. If the last n; entries of Az are
all zero, it follows that A has the form of . Next, no-
tice that = T B;x is nonzero precisely if the subblock matrix
of B; formed from its first ny rows and columns is nonzero.
So if a:TBja; is zero for all j = ng+1,n9+2,...,n, equation
holds for all such Bj, i.e., the lack of strong connec-
tivity is established. Conversely, suppose there is a lack of
strong connectivity. With the structure defined in Propo-
sition [1} any x with the last n; entries zero will satisfy the
conditions of the lemma. B

The following corollary is almost immediate by nega-
tion of Lemma [I}

Corollary 1 Consider system . The hypergraph G
is strongly connected if, and only if, for any nonnegative,
nonzero x for which entries ji,...jn, constitute the set of
zero entries, either the corresponding entries of Ax must
contain one that is nonzero and/or one of the x' Bj x
must be nonzero

Next, we turn our attention to showing that the irre-
ducibility of a matrix including A and the B; (defined as in
system ) is a consequence of the strong connectivity of
the hypergraph. Indeed, we have the following corollary:

Corollary 2 Consider system and suppose that the
hypergraph G is strongly connected. Let each w;, for i =



1,2,...,n, be a strictly positive vector. Then for any pos-
B
w1 1
wy B

itive B, B2, the matriz 1A + B 1s irreducible

w, By,

Proof: We shall prove the negation of the claim, by show-
ing that if irreducibility fails, then the hypergraph is not
strongly connected. Accordingly, suppose there exists a
nonzero & > 0 such that if the zero entries of x are in posi-
tions 41, j2,. .., jn,, then the corresponding entries (Ax);,
of Az are zero as are all w;z Bj,xz. Without loss of gen-
erality, reorder the vertex numbering so that vertices
J1,J2,---,Jn, become vertices ng + 1,n9 + 2,...,n. This
implies that the matrix A satisfies , while, for ¢ =
no + 1,n9 + 2,...,n, the matrix B; satisfies . There-
fore, by Proposition [I} it follows that the hypergraph is
not strongly connected.

Notice that if either or both of the two matrices ap-
pearing in the statement of Corollary [2] are multiplied on
the left by a diagonal matrix with positive diagonal entries,
the conclusion of Corollary [2| remains true.

In light of the above, we adopt the following assump-
tion in the present paper.

Assumption 2 The hypergraph G* for each k € [2] is
strongly connected.

In an epidemiological context, Assumption [2[implies that,
for each of the two viruses, there exists an infection path-
way from any node to any other node. An infection path-
way is a hyperpath, indicating that the virus can be carried
by infectious individuals from the starting node, through
the sequence of hyperedges, to reach susceptible individ-
uals at the end node of the hyperpath. In SIS network
models on directed graphs, strong connectivity is often
invoked (Liu et all [2019; [Doshi et al., 2022; Sahneh and
Scoglio}, [2014); it is a reasonable assumption from a graph-
theoretic perspective. Our assumption extends this to
the context of hypergraphs, but this (i.e., Assumption [2))
does not imply that the pairwise interaction matrices A*,
k = 1,2, are irreducible - in fact, Assumption [2] is weaker.
A magor contribution of this paper is to show that cer-
tain properties associated with system which have so
far been established under the stronger assumption that
pairwise interaction matrices A*, k = 1,2, are irreducible
(Cisneros-Velarde and Bullo, 2021} |Cui et all, |2025) can
be established using only Assumption |3

2.3. Problem Statements
With respect to system , we aim to answer the fol-
lowing questions in this paper:

i) What is the typical behavior that the trajectories
exhibit as time goes to infinity?

ii) Can a parameter regime be identified such that mul-
tiple (three, to be precise) equilibria are simultane-
ously (locally) stable?

iii) Supposing that z?(t) = 0 for all ¢ (resp. z'(t) =0
for all t), provide a sufficient condition for local ex-
ponential convergence to a single-virus endemic equi-
librium of virus 1 (resp. virus 2).

iv) Supposing that the reproduction number of each virus
is greater than one, identify sufficient conditions for
the existence of a coexistence equilibrium. Further-
more, establish stability properties of such an equi-
librium based on knowledge of the stability proper-
ties of the boundary equilibria.

v) Identify a sufficient condition which guarantees that
no coexistence equilibrium can exist.

2.4. Preliminary Lemmas

In this subsection, we secure certain preliminary results
on the nature of equilibria of system , and recall certain
known results on irreducible matrices. These results will
play a crucial role in establishing the main findings of this
paper.

The following lemma restricts the kinds of equilibria
that system may possess. The proof is partly inspired
from (Ye et al.l|2022, Lemma 3.1).

Lemma 2 Consider system under Assumptions and.
If = (z1,2%) € D is an equilibrium of , then, for
each k € [2], either z8 = 0, or 0 < ¥ < 1. Moreover,
PR}

Proof: Tt is clear that (0,0) is an equilibrium of .
Therefore, in the rest of the proof, we will show that any
non-zero equilibrium z = (z!,z?) of must satisfy, for
cach k€ 2], 0 < ZF < 1 and Y;_, 7F < 1.

We start off by showing that #! +22 < 1. For any i € [n],
observe that the following is satisfied:

B = alsl - 824 Bl - ) T ekl
+ 81—z — z3) > =1 bij T TG
TS
+ B3 =& —33) Yy 03,5 (14)

Suppose that, for some i € [n], #} + zZ = 1. Therefore,
since, by Assumption[t} 6% > 0 for k = 1,2, and since 7¥ €
D, from (14), it is clear that z} 4+ 22 < 0. However, since
by assumption Z = (z!,2?) is an equilibrium, it must be
that z} + 7 = 0, which is a contradiction. Therefore, for
all i € [n], T} + Z7 < 1, which implies that Zizl k< 1;
thus guaranteeing that z* < 1 for k = 1,2.

We are left to show that z¥ > 0 for k = 1,2. To this end,

suppose that ' > 0 is an equilibrium point for which
there exists at least one (but possibly more) i € [n] such



that z} = 0. Note that the equilibrium version of the first
line of equation (2) yields the following:

#l=—Dlz' +8](1 - X' - X%)Alz!
+ B3I - X' = X?) (") Biz', (") B3z, ..
(15)

By noting that #! is an equilibrium point, and by a suitable
rearrangement of terms, we obtain:

z! =5zt (16)
where
S=DH lgla-Xx - X%HAal+

(DH™' eI - X' = X*)(@@) " Bi,...,(a") By (A7)

By Assumption[2] we know that the hypergraph is strongly
connected. Therefore, since, by assumption, ' > 0, from
Corollary [1] it follows that there exists i € [n] such that if
T} = 0, then either a) (A'z!); > 0 and/or b) (z!) " Blz! >
0. Therefore, since S is a nonnegative matrix (which fol-
lows from Assumption [1] and the fact that I — X1 — X2 is
a positive diagonal matrix), there exists ¢ € [n] such that
z} = 0 yet (Sz'); > 0. Note that this contradicts (16]).
Hence, if 2! > 0 is an equilibrium point, then it must be
that ' > 0. By an analogous argument, it can be shown
that if Z2 > 0 is an equilibrium point, then it must be that
z2 > 0, thus completing the proof. B

The following lemmas will be needed for establishing
(in)stability of different kinds of equilibria of system .

Lemma 3 (Vargd, |1999, Lemma 2.8) Suppose that M is
an irreducible Metzler matriz. Then r = s(M) is a simple
etgenvalue of M, with an eigenvector ¢ > 0.

Lemma 4 (Vargd,|1999, Theorem 2.7) Suppose that N is
an irreducible nonnegative matrix. Then,

(i) r = p(N) is a simple eigenvalue of N.
(i) There is an eigenvector { > 0 corresponding to the
etgenvalue 7.
(#ii) x > 0is an eigenvector only if No = ra and x > 0.

(iv) If A is a nonnegative matriz such that A < N, then
p(4) < p(N).

Lemma 5 Suppose that A is a negative diagonal matriz
and N 1is a nonnegative matriz. Let M be the Metzler
matriz such that M = A+ N. Then, s(M) < 0 if and
only if p(—A"*N) < 1, and s(M) > 0 if and only if,
p(—=A7IN) > 1.

Proof: Let @ be a matrix of all 1’s, and set N. = N + €Q.
Suppose that p(—A~"!N) < 1. Then for small enough
e > 0,p(—A7IN,) < 1, due to continuity of the spectral
radius with respect to the entries of the matrix. Since IV,
is irreducible, then (Liu et al., [2019, Proposition 1) im-
plies that s(M,) < 0, where M. = A + N.. The spectral
abscissa is a monotone function of € and, since M < M., it
must be that s(M) < s(M,) and hence s(M) < 0. For the

(@) BrEh) T

other direction, suppose that s(M) < 0. Since M < M,
we have that s(M) < s(M,). By choosing € small enough,
we obtain s(M.) < 0. We separately consider the case
where s(M,) < 0 and the case where s(M,) = 0. Suppose
that s(M.) < 0, which, given that M, is irreducible Met-
zler, from (Liu et al. 2019, Proposition 1) implies that
p(—A"IN.) < 1. This, from Lemma [ further implies
that p(—A~'N) < 1. Suppose that s(M,) = 0. Therefore,
from (Liu et al. 2019, Proposition 1), it must be that
p(=A=tN.) = 1, which, from Lemma (4} further implies
that p(—A"IN) < 1.

Suppose that p(—A~'N) > 1. By noting that —A~1 N, >
—A~IN, and by applying Lemma [4| statement iv), it is
clear that p(—A=*N,) > 1. Since —A~! N, is nonnegative
irreducible, from (Liu et al., |2019, Proposition 1) it must
be that s(M¢) > 0. Then for small enough €, s(M) > 0. By
reversing the arguments, it can be shown that s(M) > 0
implies p(—A"!N) > 1. H

Lemma generalizes (Liu et al.l 2019, Proposition 1),
in that it does not insist that the matrix N be irreducible.

Lemma 6 (Rantzer, 2011, Proposition 2) Let A € R**"
be Metzler. Then, A is Hurwitz if, and only if, there exists
an x € R™ such that x > 0 and Az < 0.

In classical SIS bivirus systems, there are certain lim-
itations on the trajectories; those starting on the bound-
ary of D are always inward pointing, see (Ye et al. 2022,
Lemma 3.2). Hence, it is natural to ask if there are similar
restrictions on the trajectories of system . We will ad-
dress this question in the rest of this subsection. Moreover,
we will be doing so without insisting on the matrices A*,
for k = 1,2, being irreducible - this is a sharp contrast from
the approach adopted in (Ye et al.l 2022, Lemma 3.2). We
do, however, invoke an assumption that the hypergraphs
GF are strongly connected.

Lemma 7 Consider system under Assumptions and@.
Suppose that the matrices BF for i € [n] and k € [2] are
nonnegative. Suppose that the initial conditions satisfy i)
z%(0) > 0 for k € [2], and ii) (z*(0),22(0)) € D. Then
for all finite t > 0, 0 < 2F(t) < 1 for k € [2], and
i (t) + 22(t) < 1.

Proof: Define z := 1—a2'—2? (and Z = diag(I- X! —X?)),
and B := diag(Bi A'z*). Therefore, can be rewritten
as:

' (t) = =Dz (t) + B'z(t)
+65Z((z") " Biz’, (") " Bia’, ... (") TBLa") T, i=1,2
2(t) = D'z (t) + D*2%(t) — [B' + B?|z(t)
- B22((x") " Bia', (a") "By, ..., (@) T Brat) T
- 832((=*) " Bia®, (@) Bia®, ..., (") Bha®)T  (18)

Suppose that for some 7 € R, and for some ¢ € [n],
zi(1) = 0. Since z;(1) = 1 — a2} (r) — 22(7), it is imme-
diate that either x}(7) # 0 and/or x2(7) # 0. Therefore,
a) since D'and D? are positive diagonal matrices, and b)
since, by assumption, z;(7) = 0, from the second line in



equation , we have that 2;(7) > 0. This implies that,
for t > 7 and t — 7 sufficiently small, z;(¢) > 0. Note that
in the above calculation, the choice of node i is arbitrary;
hence, the argument above applies for all i € [n]. Hence,
we have that z;(t) > 0 for all ¢ and ¢ € [n]. As a result,
we obtain z(¢) > 0, which implies that z!(¢) + 2?(¢) < 1.
Hence, we have 2% (t) < 1 for k € [2].

We now turn to establishing that 0 < z*(¢) for all finite
t > 0. Suppose that for some ¢t € R, £ entries in the vec-
tor x1(t) equal zero. We label these entries as i1, 42, . . . , .
By Assumption[2], we know that the hypergraph is strongly
connected. Therefore from Corollary since x1(t) > 0 for
all t € R>¢ (see (Cui et al. [2025, Lemma 5.1)), it fol-
lows that there exists i € [n] such that [z!(t)]; = 0 yet
either [A'z'(¢)]; > 0 and/or (2!)T B;z > 0. We assume
that this happens for the i{* entry in z?, i.e., [z1(¢)];, =0
yet [A'z'(t)];, > 0 and/or ((z'(t))" Bf «'(t) > 0. The
evolution of the infection level for virus 1 in node ¢ is as
follows:

it (t) = [-D'a'(®)];, + [ - X' = X2 A2t (1)),
+ B — ' (1), —2%(t);,)2 (1) BLa' (1)
>0, (19)

where the inequality in follows by noting that x;, (t) =
0 by assumption, and either [3fAx'(¢)];, > 0 and/or
2! (t)T B} 2'(t) > 0 as discussed above. This means that
there must exist some time instant ¢/, with ¢’ — ¢ not too
large, such that z!(#') has fewer than ¢ zero entries. Re-
peating the argument for all the other zero entries in the
vector z1(#') (indeed, this can be done since the choice of
node i; was arbitrary), we have that z'(t) > 0. Analo-
gously, we can prove that x2(t) > 0, thus concluding the
proof.

3. Monotone dynamical systems and competitive
bivirus networked SIS models with HOI

In this section, we establish that the bivirus SIS HOI
system is strongly monotone, and provide a general con-
clusion on the limiting dynamical behavior of the same.

Monotone dynamical systems (MDS) are a class of non-
linear systems that are highly appealing in the context of
mathematical epidemiology; for an overview of MDS, see
(Smith} |1988; Hirschl [1988). This is mainly because of the
fact that MDS, assuming generic parameter ValuesE| have a
finite number of equilibria, and converge to a (stable) equi-
librium point for all initial conditions except those lying
on a measure-zero set. The property of MDS is as follows.
Suppose that (z}(0),2%(0)) and (z}4(0),2%(0)) are two
initial conditions in int(D) satisfying i) z%(0) > x4(0)
and ii) 24(0) < 2%(0). Then, if for all t € R>q (resp.

2The term “generic” means the following: for all but a set of pa-
rameter values that has measure zero. An algebraic or semi-algebraic
set defines this set of exceptional values.

t € Rug), i) 24 (t) > 2L (¢) (resp. x4 (¢) > xL(¢)) and ii)
22 (t) < 2%4(t) (vesp. 73 (t) < 2%(t)), then system is
monotone (resp. strongly monotone) (Hirsch, [1988]). In
simpler terms, MDS are endowed with a trajectory order-

ing property.

3.1. The bivirus HOI system is strongly monotone

The following is the first main result of this paper.

Theorem 1 Consider system under Assumptions
and @ Then, system is strongly monotone.

Proof: First, recall that a system is monotone (resp. strongly
monotone) if the associated Jacobian (or a suitably trans-
formed version of it) is Metzler (resp. irreducible Metzler);
see (Hirsch, 1985, p. 424). Consider the permutation ma-
trix P := diag(l,, —1I,), and observe that PJ(z',2%)P =

[_Jj; 7Jif]. By Assumption |1| and Lemma (7} matrices
—Ji2 and —Js1, and the off-diagonal terms in Ji; and Jao

are nonnegative; thus, implying that P.J(z!,2?)P is Met-
zler. We are left to show that PJ(z!,2?)P is irreducible

in the interior of the region of interest.

As a connectivity argument reveals, it is intuitively rea-
sonable, and was argued in (Ye et al., [2022)), that the re-
quired irreducibility property will hold provided that Ji;
and .Joo are separately irreducible, and Ji5 and Jy; are
both nonzero. Note that the Jacobian is as given in .
By disregarding certain diagonal summands in the expres-
sion for Ji1, it is evident that the irreducibility of Jy; is

equivalent to the irreducibility of ju, with
()T B!
R (z')T B;
Jin =611 - X1 = XHA 4261 (1 — X1 — X?) . . (20)
(z") 7B,

In the interior of D, the matrix I — X! — X? is non-
singular with positive diagonal elements. Hence the irre-
ducibility follows using Corollary [2] The irreducibility of
Jao follows in the same way.

To see that Jijo (and by the same argument Jop) is
nonzero, suppose that to the contrary, Ji2 = 0. This
would imply that for some x! > 0, there holds Alz! =0
and (z')T B}a! = 0 for all i. Together with Lemma this
implies that all entries of A and all entries of all B} are
zero, which contradicts Assumption 2} W
It is known that under Assumption [1] and the assumption
that the pairwise interaction matrices A* are irreducible
(see Assumption [3[ in Section [4] for a formal statement),
system is strongly monotone; see (Cui et al., 2025]
Theorem 10). Indeed, if there are no HOI (i.e., 85 = 0 for
k = 1,2), the assumption that A* is irreducible plays a
central role in establishing that classical bi-virus systems
are strongly monotone; see (Ye et all 2022, Theorem 3.6).
Theorem [1] shows that for bivirus systems with HOI the
irreducibility of A* is not required for establishing that
the system is strongly monotone.



3.2. Finiteness of the number of equilibria for generic pa-
rameter choices

In this section, we establish that, for generic parameter
choices, system has a finite number of equilibria, and
furthermore that the associated Jacobian is nonsingular.
Note that generic finiteness of the number of equilibria
has already been established, by means of an algebraic ge-
ometry approach, in (Cui et al.| 2025, Theorem 10), but
(Cui et al. |2025, Theorem 10) does not establish that, for
generic parameter choices, the associated Jacobian is non-
singular. The gap is filled here by use of a different and effi-
cient approach for proving finiteness of equilibria; the tool
is the Parametric Transversality Theorem from differential
topology, see (Lee, [2013] see p. 145) and (Guillemin and
Pollack, 2010, see p.68). We use arguments very much like
those in (Anderson and Ye| 2023) (where we studied the
classic bivirus SIS setting), but our proof is more involved
vis-a-vis the proof in (Anderson and Ye, [2023)) due to a)
the introduction of the terms associated with the HOIs
for each of the two viruses, and b) the fact that we rely
only on Assumption Essentially because the healthy
equilibrium and the single-virus boundary equilibria can
be conveniently studied using single-virus techniques, it is
easily established that there are no continua of equilibria
confined to any boundary, i.e., any continuum of equilibria
necessarily includes a continuum of coexistence equilibria.
We focus, therefore, on showing that for generic parameter
values, such equilibria cannot exist. The main result is as

follows:

Theorem 2 Consider system under Assumptions
and @ With any fized matrices A¥ and nonnegative BY,
and the exclusion of a set of values for the entries of
D', D? of measure zero, the number of coexistence equi-
librium points is finite, with their associated vector field
zero being nondegenerate, i.e., with the associated Jaco-
bian nonsingular. Similarly, with any fized D, D%, and
the exclusion of a set of values for the entries of AF, B*

of measure zero, the same properties of equilibrium points
hold.

Proof: See Appendix. B

3.8. Generic convergence

Theorems [T] and [2] together guarantee that all the as-
sumptions of Hirsch’s generic convergence theorem (Hirsch),
1985) are fulfilled. This allows us to draw conclusions re-
garding the limiting behavior of system ; we have the
following result.

Theorem 3 Consider system under Assumptions
and @ For all initial conditions (z1(0),22(0)) € D except
possibly for a set of measure zero, the system will con-
verge to an equilibrium. If the system does not converge to
an equilibrium, then it is on a nonattractive limit cycle.
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In words, Theorem [3] establishes that the typical behav-
ior of system is convergence to some equilibrium; this
could be healthy, or (one of the possibly many) single-virus
boundary equilibria, or a coexistence equilibrium. Thus,
Theorem answers questionraised in Section Given
that Theorems [I}f3] do not require the pairwise interaction
digraph to be strongly connected, Theorem [3| (resp. The-
orem [2)) is more general than (Gracy et al., 2024, Theo-
rem 2), (Cui et al.|[2025, Theorem 10) (resp. (Gracy et al.,
2024}, Theorem 1)), since (Gracy et al. [2024] Theorem 2),
(Cui et al.l 2025, Theorem 10) (resp. (Gracy et al., 2024}
Theorem 1)) require the pairwise interaction matrices A*
to be irreducible.

4. Existence and local stability of boundary equi-
libria

In this section, we identify a parameter regime that
permits three equilibria of system to be simultaneously
locally exponentially stable. Thereafter, for a different pa-
rameter regime, we identify a condition for the existence
and instability of a boundary equilibrium. Finally, for the
case when there is only one virus circulating in the net-
work, we identify a condition for the existence and local
exponential stability of an endemic equilibrium.

Proposition 2 Consider system under Assumption
and B >0 for alli € [n] and k € [2]. Define, fork =1,2,
1gr € {0,1}" by (15x); = 1 if B¥ # 0; otherwise (1gx); =
0. Suppose that the following conditions are fulfilled for
k=1,2:

a) p(BE(D*)~1A*) <1, and

i By ( Ak _
b) min (M (A%1pk); +
i€[n] s.t. BF£0 "%

B3

sae 1 Bilpgs) > 2.

Then, the following statements are true:

i) The DFE is locally exponentially stable.

it) Under Assumption @ there exist equilibria (', 0)
and (0,%2) where for k = 1,2, there holds " > 0,
with also & > % for k = 1,2, for any i such that
BF £0.

i11) Under Assumption@ any such equilibrium point (' 0)
is locally exponentially stable.

w) Under Assumption@ any such equilibrium point (0, %)
1s locally exponentially stable.

Proof of statement |i); Note that the Jacobian evaluated
at the DFE is as follows:

_ PNl 141
J(070):[ D JgﬁlA

0

By assumption, BFp((D*)~1A¥) < 1, for k = 1,2. There-
fore, from Lemma it must be that s(—DF + gFA¥F) < 0
for k = 1,2, which, since J(0,0) is a block diagonal ma-
trix, and since the matrices —D' + 5 Al and —D? + 32 A2
are the only blocks along the main diagonal, implies that
5(J(0,0)) < 0. Local exponential stability of the DFE,



then, follows from (Khalill 2002, Theorem 4.15 and Corol-
lary 4.3).

Proof of statement : Observe that the point (z1,0),
with Z! > 0, is an equilibrium of (in fact, a single-
virus endemic equilibrium of virus 1) if and only if z! is
an endemic equilibrium of . The same is true when
we consider (0,z2). Thus, we focus on , and drop the
superscript k from z, A, B;, D, and 1p for clarity. Our ap-
proach is the same as that in the proof of (Cisneros-Velarde
and Bullo, 2021, Theorem 5.1, statement iv)); the crucial
difference is that we establish the claim using Assump-
tion |2, whereas (Cisneros-Velarde and Bullo| 2021, Theo-
rem 5.1, statement iv)) requires a more restrictive assump-
tion, namely that the matrix A be irreducible. First, we
introduce the following functions: a) hy(z) = 15 +z for any
z € Rxo; and b) Hy(y) = (hs(y1), hi(y2), - hi(yn)) T
for y > 0. Define  the map
H( ) = Hy(Ax + (2" By, 2" Box, ..., x B nZ)), where

= 1D~ 1A, and, for each i € [n], B = 2B Clearly,
a ﬁxed point of map H(-) is an equlhbrlum of . Con-
sider the vector 1;, as given in the statement of the propo-
sition but particularized for the single-virus case. Define
Y :={y € [0,1]" | 415 < y < 1}. It turns out that

H(y) > %13. To see this, consider the following: For any
yey,
H(y) = Hy(Ay+ (y" Biy,y ' Bay, ...,y Buy)")
-1 1 _ _
> Hi(AZ1p + Z((1]3)TB1 ...,(15)"B,) "1p),

(22)

where inequality comes from the fact that a) y > %1 B,
and b) the function h(.) is monotonic in its argument.
Observe that

1 - 1 _ 1 ﬂ1 1 B2

5 (Alp)i + 1(1B)TBilB Zaz] 1p); + 15*(13 "BiX#',0),
1
Zaia (23)

where «; := 2?1 E;.L_l ai;(1g); + %(13)TBilB. Notice
that l.b holds for every i € [n], and that the left hand side
of bounded from below by zero. By statement b) of
the proposition hypothesis, it is clear that, for any ¢ such
that B; # 0, «; > 4. This implies that h+(iai) > % Con-
slequently, we have that H(y) > H+(i diag(@;)i=1,2,...n18B)

s1p.
Thanks to Assumption l we can be assured that (Ay); +

y" Byy > 0, which implies that hy((Ay); +y' Biy) < 1.
This, in turn, implies that H(y) < 1. This, coupled with
the fact that H(y) > %1 B as established above, means
that H : Y — Y. Therefore, using Brouwer’s fixed-point
theorem (Shapiro and Shapiro, 2016, Theorem 4.5), we
conclude that there exists a fixed point ¥ € Y such that

H(y) =y

>

11

Next, we show that y > 0. To this end, note that any
fixed point of H, say ¢, must satisfy the following
(A49): + 9" Biy
1+ (Ag); + 5" Biy

=7, 1=12,....n (24)
Suppose, to obtain a contradiction, that @, ,¥j,, .., ¥
are the zero entries of y. Then the left side of is zero

for i = j1,Jo2,...,jr and there must then hold

U Byy=9y' Bpy=--=7 Bjj=
and also
(Ag)jl = (Ag)h = = (Ag)Jk =0

By Corollary [I] it then follows that the hypergraph is not
strongly connected, which contradicts the proposition hy-
pothesis (namely, that Assumption [2| holds). This implies
that § > 0.

We will now show that g; > % for ¢ such that B; # 0.
To this end, recall that by statement b) of the proposition
hypothesis, we have the following:

(61 62

5 (Alp); + %,

min ~=15B;ilp) >2  (25)

i€[n] s.t. B;#0
Now the mapping y — H(y) maps any y € Y with $15 <
y < 1, into Y, and the equilibrium point ¢ is contained
in Y. Invoking the lower limit, we observe that for such a
point,

(A9)i +7 ' Big

But in view of 7 the inequality in means that
(Ay); +7 " B,y > 1; this, in combination With ([24), ensures
that 7; > 3

Proof of statement .' Our approach is similar to that
in the proof of (Cisneros-Velarde and Bullo, 2021, The-
orem 5.1, statement v)). Consider the equilibrium point
and observe that the Jacobian evaluated at this
equ1hbr1um is as follows:

(A 1B)1+ L 5Bilp (26)

jll

=1 _ <z12
J(z",0) = { 0 T (27)
where
Ji1 = =D+ BH(I — X1 A" — diag(pr A'zh)+
B3(I — X101 (2") — B diag((z") " B}z")i=1.2, ..
Jio = —diag(B1 A'z") — S5 diag((z') " B{Z")i=1,..n
j22 =_D? + 6%([ — )_(1)142.

The term Oy (z!) is as defined in (9). We will establish the
exponential stability of the 11 and 22 blocks (i.e. , Ji1 and
Jao) separately. Observe that
1=-D'+ i — diag(B1A'z")

(z1) T Biz!

Ji —XxhHat

+B5(I — X101 (z') — B3

(El)TB,llil



Define the summands

()7 B}
Q1 :=—D'+8i(I - XHA + L1 - X1) : , and
@) B,
@) (BhHT
Q2 :=p3(I - X1) :
@EHT (BT
(g—cl)TBlli,l
— diag(B1A'z") — B3
(fl)TB}le

It is immediate that Ji; = Q1 + Q2, which implies that
Jiz! = Q12" 4+ Q2&'. Since Z' is a single-virus endemic
equilibrium corresponding to virus 1, by taking recourse
to the equilibrium version of the first line of equation ,
it is clear that Q1Z' = 0. Hence, J11Z' = Q2%"'.

Note that

@) (B}) &'
Q23! = p3(1 - X1) :

(@H) T (By) "zt

(jl)TB%i.l
— diag(pi Alzl)z! — g1 zl.
(z1)T Blz!
(28)

Denote by (Q27'); the it" entry of the vector Q2z'. There-
fore, in view of , we have the following:

(Q23"); = —p;

= =81 (X abat )2l + B30 - 2w (@) T Blat)
(29)

We consider its sign, under two circumstances.

Case 1: Suppose that B} = 0. Note that by Assump-

tion[2]the hypergraph G is strongly connected, which, from

Corollary [2] coupled with Lemma [7] implies that the ma-

(="' By

(=")" B}

trix glat+ is irreducible. Consequently, the hy-

(=)' B},

pothesis that B} = 0 implies that the i*" row of matrix
Al has a positive sum. This, since Z} > 0, implies that
/311(23;1 agjgz;)z} > 0. Thus, (Q27'); < 0.
Case 2: Suppose secondly that B} # 0. Therefore,
from statement ii), it follows that 7} > % Consequently,
1 — 27} < 0; thus implying that (Q2#'); < 0.

Note that, for the analysis above, the choice of index
i was arbitrary; therefore, again, we have (Q27!); < 0 for
all i € [n]. Hence, since J;;7' = Q22! it follows that
(J11zt); < 0 for all i € [n]. Note that Assumptions
and [2] together with Corollary [2] and Lemma [7] guarantee
that the matrix Ji; is an irreducible Metzler matrix; the
reasons are as detailed in the proof of Theorem [I] There-
fore, from Lemma @, it must be that the matrix Ji; is
Hurwitz.
Turning to the 22 block of the Jacobian (i.e., matrix Jo3),
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consider the matrices 8 (D?)~' A% and 82(D?) "1 (I-X1)A2.
From  Assumption it is  clear  that
B%(D?)~1A?% is a nonnegative matrix. Since, from state-
ment 7! satisfies 0 <« ' <« 1, it is also clear that
B%(D?)~Y(I — X1)A?% is a nonnegative matrix. Further-

more, we immediately obtain 32(D?)~1(I-X1)A% < p?(D?)~1 A2

Therefore, since the spectral radius of a nonnegative ma-
trix decreases monotonically with a decrease in any entry

of said matrix (see Section|1.1)), it follows that p(3%(D?)~1(I—
X1)A2) < p(33(D?)~1 A2). By assumption, p(82(D2) 1 A%) <
1, which implies that p(32(D?)~1(I — X')A?) < 1, and
consequently, from Lemma [5] we have that s(—D? + (I —
X1)A?%) < 0. Therefore, since J(z!,0) is block upper tri-
angular, and since we have already established that J;; is
Hurwitz, it follows that s(J(z!,0)) < 0. Local exponen-
tial stability of (z!,0), then, follows from (Khalil, 2002,
Theorem 4.15 and Corollary 4.3).

Proof of statement : The proof is same as that of state-
ment [iii), up to a suitable adjustment of notation. H
Proposition answers questionraised in Section
Observe that Proposition 2] guarantees existence of bound-
ary equilibria for the case when p(3F(D*)"1A*) < 1. Tt
is natural to ask if one is assured of existence even if the
spectral radius inequality was flipped. To answer this, we
require a stronger assumption, which is as follows:

Assumption 3 The matriz A*, fork = 1,2, is irreducible.

The epidemiological interpretation of Assumption [3] re-
mains the same as that of Assumption [2]with the exception
that here, one is assured of the existence of an infection
pathway even when higher-order interactions are not fac-
tored in (i.e., when considering just the graph of pairwise
interactions). Assumption [3|is a standard assumption in
mathematical epidemiology; see for instance (Liu et al.
2019} Doshi et al., 2022} Sahneh and Scoglio}, 2014)). With
Assumption [3|in place, we have the following proposition.

Proposition 3 Consider system under Assumptions
and @ Suppose that, for all k € [2], p(B¥(D¥)~1Ak) > 1.
Then system has at least three equilibria, namely the
DFE, which is unstable; a single-virus endemic equilib-
rium corresponding to virus 1 (z1,0); and a single-virus
endemic equilibrium corresponding to virus 2 (0,z?). Fur-
thermore, if s(—D*+ Bi(I — X*¥)A%) > 0 for each i, k € [2]
such that i # k, then the equilibrium points (', 0) and
(0,7%) are unstable.

Proof: Observe that the DFE is always an equilibrium of
system (2). Suppose that for some k € [2], p(B§ (DF) 1 A*) >
1, then from it is clear that s(J(0,0)) > 0. This, in
view of (Khalil, 2002, Theorem 4.7, statement ii)), guar-
antees that the DFE is unstable. Further, from (Cisneros-
Velarde and Bullo, 2021 Theorem 5.1, statement vii)) we
know that there exists an endemic equilibrium, zZ*, where
0 < zF < 1. Since, by assumption, p(8¥(DF)~1A*) > 1



for all k € [2], it is also immediate that there exist equi-
libria, (z!,0) and (0,72), where 0 < ¥ < 1, for k = 1,2.
Observe that the J acoblan evaluated at the point (z O) is
as given in . Further, note that J(#!,0) is block upper
triangular. By assumption, s(—D! + g1 (I — X2)A!) > 0,
which implies that s(J(z!,0)) > 0. Consequently, insta-
bility of (z!,0) follows from (Khalil, [2002, Theorem 4.7,
statement ii)). The instability of (0,2) can be shown
analogously, thus completing the proof. B

Note that Proposition [3| does not say anything about
the situation when one of the spectral radii is greater
than one, and the other is less than one. We discuss
this here. Suppose that s(—D? + B2(I — X1)A?%) > 0
and s(—D! + BI(I — X?)A') < 0. Then, since by as-
sumption s(—D? + B2(I — X')A2%) > 0, from Proposi-
tion I it is clear that (z!,0) is unstable. By assumption,

s(=D' + BH(I — X?)A') < 0. However, whether or not
s(=D'+B1(I—X?)A!) < 0 guarantees (local exponential)
stability of (0,2?) is an open question. So no conclusions
can be drawn regarding the stability of (0, z2).

For the single-virus case, a sufficient condition for global
stability of the endemic equilibrium has been identified
n (Cisneros-Velarde and Bullo, 2021, Theorem 5.1, state-
ment viii)). Regardless, the following caveat with respect
to said result should be noted: (Cisneros-Velarde and Bullo,
2021, Theorem 5.1, statement viii) is reliant on that fact
that, for a given (;, there exists a small enough 35 such
that for the resulting single-virus system the endemic equi-
librium is globally exponentially stable. This is clearly not
the case if one were to seek a sufficient condition where
both the parameters §; and Sy are arbitrary. It turns out,
however, that one can identify a sufficient condition for
local exponential attractivity of the endemic equilibrium
in the single-virus case, even when the parameters 5, and
B2 are arbitrary. We have the following theorem.

Theorem 4 Consider system under Assumptions
and [ Suppose that the parameters associated with sys-
tem are generic. If Bip(D™YA) > 1, then there exists
an equilibrium point & such that * > 0. Furthermore, the
point T is asymptotically stable.

Proof: First, observe that (Cui et al., 2025, Theo-
rem 6) implies that system is an irreducible mono-
tone system, and that, for generic parameter choices, for
almost all initial conditions, the dynamics converge to a
stable equilibrium point. Note that for system the
origin is an equilibrium, and there are no other equilibria
on the boundary of the set [0,1]"; see (Cisneros-Velarde
and Bullo, 2021, Lemma 5.1, statement iii)). By assump-
tion, B1p(D~1A) > 1, which, from Lemma [5] implies that
s(=D + p1A) > 0. Consequently, from the analysis in the
proof of Proposition[2] it is clear that the origin is unstable.
Since B1p(D~1A) > 1, it follows from (Cisneros-Velarde
and Bullo, [2021, Theorem 5.1, statement vii)) that there
exists an equilibrium Z such that z > 0. Thus, all the hy-
potheses of (Smith|, (1988 Theorem 2.8) are satisfied, and
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consequently we conclude that s(J(Z)) < 0. B

Theorem [2] implies that, for generic parameter matri-
ces, the Jacobian of system , at any equilibrium point,
is nonsingular. This means that J(Z) cannot have an
eigenvalue with zero real part and zero imaginary part.
It can be easily verified that J(Z) is an irreducible Met-
zler matrix. Therefore, from Lemma [3] it follows that the
eigenvalue with the largest real part does mot have any
imaginary parts. Consequently, the possibility that, for
generic parameter choices, s(J(Z)) = 0 can be ruled out.
It follows that (Smith, (1988, Theorem 2.8, statement iv)),
coupled with the fact that the set D is positively invari-
ant (see (Cul et al.| 2025, Lemma 3)), guarantees that the
equilibrium point Z attracts at least all initial conditions
x such that 0 < x <« Z. Therefore, it is clear that z is
locally asymptotically stable.

5. (Non)existence of Coexistence equilibria

This section deals with the establishment of sufficient
conditions for the existence (resp. nonexistence) of coex-
istence equilibria. The questions we are tackling in this
section are not just mere academic exercises. In fact, as
has correctly been pointed out in (Ye and Anderson,2022)),
knowledge of the conditions that lead to the coexistence
of viruses is extremely useful, since health practitioners
can leverage said knowledge to determine whether there
is a need of drugs, antibiotics, health infrastructure, and
trained personnel to deal with just one or both viruses in
the long term.

We consider two parameter regimes, viz., for k = 1,2, i)
s(—=DF+pFAk) > 0, and i) s(—DF+FA*) < 0, and show
that for each of these, there exists at least one coexistence
equilibrium.

Proposition 4 Consider system 2) under Assumptzons.
and@ Let (z%,0) and (0,7%) denote a single-virus en-
demic eqmlzbmum corresponding to virus 1 and virus 2,
respectively. Suppose that the following conditions are sat-

isfied:
i) (
i)

Then, there exists at least one equilibrium of the form

(&',22) such that 0 < 2',3% < 1 and 2' + 3% < 1.

+ BLAY) > 0;
D2 + B2A?) > 0;
—D' 4+ BH(I — X?)AY) > 0; and
( D? + B3I — X1)A?) > 0.

Prior to proving the claim in Proposition 4] we need
the following background material. In line with the termi-
nology of (Hofbauer, |1990), given an equilibrium point of
system , it is classified as saturated or unsaturated. An
equilibrium is saturated (resp. strictly saturated) if the
diagonal block of the Jacobian corresponding to the zero
entries of said equilibrium has no eigenvalues with posi-
tive real part (resp. has every eigenvalue to be strictly less



than zero) and unsaturated otherwise (Hotbauer, |1990]).
A boundary equilibrium of is saturated if and only if
said boundary equilibrium is locally exponentially stable;
this follows immediately by noting the structure of the Ja-
cobian matrix, evaluated at a boundary equilibrium, see
(27). The definition also implies that every fixed point in
the interior of D, irrespective of its stability properties, is
saturated (Hofbauer| |1990); therefore, from Lemma [2| we
have that every coexistence equilibrium of system ([2) is
saturated.

Proof: Assumptions [i)| and [ii)] of Proposition ] guaran-
tee existence of boundary equilibria, (!, 0) and (0, z?); see
Proposition 3 Observe that (Cui et al.| 2025, Lemma 3)
guarantees that, for each k € [2], 2¥(0) > 0 implies that
zk(t) > 0 for all t € R>, and that the set D (which is
compact) is forward invariant. Therefore, from (Hofbauer,
1990, Theorem 2), it follows that system has at least
one saturated fixed point. There are two cases to consider.

Case 1: Suppose that the aforementioned saturated
fixed point is in the interior of D. Note that any fixed
point in the interior of D is of the form (&1, #2), where 0 <
(#',2?) < 1, thus implying that (#!,4?) is a coexistence
equilibrium. From Lemma [2| it must necessarily satisfy
0 < (#1,2%) < 1, and 2! + 2% < 1.

Case 2: Suppose, but we will demonstrate a contradic-
tion, that there are no fixed points in the interior of D.
This implies that there must be a saturated fixed point on
the boundary of D (Hofbauer, [1990). Therefore, at least
one of the single-virus boundary equilibria is saturated.

However, from Proposition [3] it is clear that assump-
tions and guarantee that the boundary equilibria
are unstable; thus implying that they are unsaturated, and
the contradiction is obtained. B

Proposition {4 is implied by (Cui et al., 2025, Theo-
rem 9), which, assuming 35 = 0 for & = 1,2, is the same
as (Janson et al., 2020, Theorem 5), (Doshi et al., 2022,
Theorem 5.4). The proof of (Cui et al., [2025, Theorem 9)
is lengthy, since it primarily relies on fixed point mapping,
Perron-Frobenius theory, etc. Our proof is significantly
shorter, since we exploit the advantages that the notion of
MDS endows our system with.

Note further that Proposition ] makes no comment
on the number of coexistence equilibria. This gap may
be partially addressed as follows. Thanks to Theorem
one could perhaps leverage (Hofbauer, 1990, Theorem 2)
so as to obtain a lower bound on the number of coexis-
tence equilibria; this is very much the situation for classic
bivirus networked SIS models; see (Anderson and Ye, 2023,
Corollary 3.10, statement 1). Thereafter, since system
is monotone, the properties of MDS can be exploited to
possibly conclude that there must exist a locally exponen-
tially stable coexistence equilibrium. A detailed treatment
of this issue is beyond the scope of the present paper.

For the same parameter regime as in Proposition [ we
now present a different condition that ensures the existence
of a coexistence equilibrium point (21, 22), but, differently
from the situation in Proposition [4] we assume that both
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boundary equilibria are stable.

Theorem 5 Consider system under Assumptions
and [ Suppose that the parameters associated with sys-
tem () are generic. Let (z',0) and (0,72) denote a single-
virus endemic equilibrium corresponding to wvirus 1 and
virus 2, respectively. Suppose that the following conditions
are satisfied:

i) s(—D'+ B1AY) > 0;
i) s(—D?*+ B3 A?) > 0;

Suppose that both (', 0) and (0,%?) are locally exponen-
tially stable. Then there exists at least one equilibrium of
the form (&', 2?) such that 0 < &*,3* < 1 and &' +3% <
1, such that (2',22) is unstable.

Proof: By assumption, s(—D* 4+ gkA*) > 0 for k = 1,2.
Therefore, from Proposition (3] it follows that there ex-
ists a single-virus endemic equilibrium corresponding to

virus 1, Z' > 0, and a single-virus endemic equilibrium
corresponding to virus 2, z2 > 0. By assumption, both
(z!,0) and (0,z?) are locally exponentially stable.
The condition s(—D' + 3{ A') > 0 implies that the origin
is unstable; this can be observed from the proof of state-
ment i) in Proposition We are left to show that the
stable manifold of the origin does not lie in the interior
of D. We will do so by relying on the proof technique of
(Anderson and Yel 2023, Lemma 3.8). It suffices to show
that for the (linear) system
#1]  [-D' +p1At 0 x
I I e [
no trajectory starting in the interior of D converges to the
origin. First, consider z'(¢). Let w' be the positive left
eigenvector associated with s(—D! + S} Al) such that all
its entries sum to one. Define z := w'z', and observe
that 2 = w'4', which, from , further implies that
2 = s(—D' + BLAY)z. Since, by assumption, s(—D! +
BrAY) > 0, it is clear that the projection onto w (which
is a positive vector) of the points of in the interior of
D is away from x' = 0. An analogous argument can be
made for 22(t), since, by assumption, s(—D?+ 57 A?) > 0.
Therefore, the stable manifold of the origin does not lie
in the interior of D. Consequently, since we know that
system is monotone and the monotone condition Z' >
0, 22 > 0 relates the two exponentially stable equilibrium
points, from (Smith} |1988, Proposition 2.9) it follows that
there exists an equilibrium point of the form (#!,42) such
that 0 < 2!, 4% < 1 and &' + 22 <« 1. Furthermore, the
point (&1, 4?) satisfies s(J(2%,42?)) > 0. From Theorem
we know that the Jacobian, at any equilibrium point, is
nonsingular. This means that J(#!,%?) cannot have an
eigenvalue with zero real part and zero imaginary part.
Observe that J(#!,2?) is an irreducible Metzler matrix.
Therefore, from Lemma [3| it follows that the eigenvalue
with the largest real part does not have any imaginary
parts. Consequently, s(J(2%,22)) > 0, which implies that
the equilibrium point (2!, 42) is unstable. B

Proposition |4 and Theorem [5| partially answer ques-
tion raised in Section

(30)



We now turn our attention to a different parameter
regime, namely s(—D*+8F A*) < 0 for k € [2], and provide
a sufficient condition which guarantees the existence of an
unstable coexistence equilibrium. We have the following
result.

Proposition 5 Consider system with generic parame-
ter matrices, under Assumptions[d and[3 Suppose further
that for each k € [2] there exists some i € [n] such that
BF # 0. Define, for k=1,2, 1gx € {0,1}" by (1zx); =1
if BF £ 0; otherwise (1gx); = 0. Suppose that the follow-
ing conditions are fulfilled for k = 1,2:

a) p(BH(D¥)1A¥) < 1, and

k k
b)  min (T (A1), + 251 Bilge) > 2.

i€[n] s.t. BF#£0

Then there exists at least one equilibrium of the form (&1, 32

such that 0 < &', 3% < 1 and &' +32 < 1 that is unstable.

Proof: Suppose that the conditions in Proposition [5| are
fulfilled. Then, it follows that there exists boundary equi-
libria (z',0) and (0,z2), and that both are locally ex-
ponentially stable; see statements and in Proposi-
tion [2| Therefore, since we know that system is mono-
tone, from (Smith, 1988, Proposition 2.9) it follows that
there exists (at least) one equilibrium point of the form
(#!,22) such that 0 < 2,42 < 1 and 2! + 2?2 < 1. The
rest of the proof (i.e., showing that (#!,£2) is unstable) is
similar to the approach in the proof of Theorem [5| W

Proposition [b| assures us of the existence of at least one
coexistence equilibrium. Recall that system is mono-
tone. Therefore, since Theorem [2]says that, for generic pa-
rameter matrices, for each of the equilibrium points the as-
sociated Jacobian is nonsingular, the conditions in Propo-
sition [5| can be shown to guarantee the existence of an odd
number of coexistence equilibria, each of which must be
unstable. The proof follows from a Brouwer degree ar-
gument; see proof of (Smith, (1986 Proposition 3.7). In
fact, for classical bivirus SIS systems, for the same sta-
bility configuration as in Theorem [5| and Proposition [5] a
lower bound on the number of coexistence equilibria has
been obtained in (Anderson and Ye, 2023, Corollary 3.10,
statement 2).

We now present a necessary condition for the existence
of a coexistence equilibrium. We define for £ = 1,2 the
following matrices: RF := [BF1 Bf1 .. B¥1]T We have
the following proposition.

Proposition 6 Consider system under Assumptions
and @ Suppose that, for all k € [2], p(BF(DF)~1A*) > 1.
Suppose that D¥ =1 fork =1,2. If B AL+ BAR' < B2 A2,
then there exists no coexistence equilibrium.

Proof: Suppose that ﬁllhAl—i—ﬁ%Rl < B2A?. Assume by way

of contradiction that there exists a coexisting equilibrium,
(#',42) such that 0 < (2%,2%) < 1, and 2! + 2% < 1.

~—
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Hence, since by assumption D* = I for k = 1,2, by con-

sidering the equilibrium version of equation , we have
the following:

—(ﬁl)TBlil_
N N N N (i‘l)TB2i1

—&t 4+ BT — XY - XHAte + 8I(1 — X! - X?) =0
LT BLat ]

(31)
M22)T 52227
N N . . (@27 BZa?

—22 4 B3I — X1 — X2)A%3% + 83(I — X1 — X?) =0
_(i2)T'B%i2_

(32)

From (31)) and (32), we have the following;:
fahHT Bl
o R K
(Bi(I =Xt = X%)Al + (1 - X' = X?)
L) T 53]
(33)
_(QZ)TBQ_

(#2)7 B3

(P - X' = X%)A% + p3(1 - X' - X?)

L) T B2 |

(34)

By Assumption [1] we know that the matrices A' and A2
are nonnegative and 1, 43, 87 and 35 are all strictly pos-
itive, and (I — X' — X?2) is a positive diagonal matrix
(because by Lemma[2} &' + #2 < 1), whereas, because of
Assumption [2] from Corollary [2] we have that the matrix

(&%) T Bk
~ ~ “ N @*)T BE
BrE(I — X' — XHAF + g5 (I — X! — X?) : is ir-
@) T Bk
reducible. Therefore, it follows that the matrices 31 (I —
<1 T g1
17 5}

X' XA 4+ B (I-X1-X%) | . | and BRI X' -
@) B}

)T

. . . @7 B3

X?)A? + B5(I - X' — X?) : are nonnegative ir-

@2)T B2

reducible. Since #',#? > 0, from Lemma [4} it follows

that

_((i‘l)TBl_
. . N . @) T B3
p(Bil =X = XA + /(I =X = X% | . =1
_(il);rB,}L_
(35)
_(;EQ)TB2_
. . N N @27 B3
p(BII = X' = XA+ (I - X' =X?) | . )=1
_(ﬁ)ITB?L_
(36)
By assumption, i A + BaR! < B2A2%. Since 2! < 1, it
~1\T
e
must be that 8 A'+ 33 < BIAY+BIRY < B2 A2
@HT B

Since (I — Xt - X2) is positive diagonal, we obtain the



following:
@HT B}
[CEON:=2

Bl — Xt — X*)A' 4+ B, (1 — X' = X?)

(f;l).TBiL
(37

Applying the condition in statement iv) of Lemmato
yields:

(jl)TBl
~ ~ N N @YHT Bl
p(Bi(I— X' — XA + (I — X' — X?) )
@78}
<p(BI(I — X' — X?)A%) (38)

From and ,Ap(ﬁ%({—f(l —XZ)A2) > 1. Therefore,
since 83 > 0, (I — X! — X?) is positive diagonal and the

@ T B2

)7 B}
matrix : is nonnegative, it is clear that
@) T B2
(22)T32
2 1 92y 42 2 Sl gy |G B
p(Bi(l - X" - XA+ 51 -X" -X7) | |)>1,
@) T B2

(39)
which contradicts . Therefore, there does not exist a
coexistence equilibrium (2!, 22), where 0 < (#1,2%) < 1
and &' + £#2 < 1; thus completing the proof.
Proposition [6] answers question [v)| raised in Section
and highlights a situation where one virus dominates the
other, referred to as competitive exclusion. It can also be
shown that the condition in Proposition |§| implies that a)
the DFE is unstable, and b) the boundary equilibrium,
(z',0) is unstable.
Proposition [6] leads to an observation in the context of
control of epidemics as discussed in the following remark.

Remark 2 The presence of HOI makes it harder for one
virus to achieve competitive exclusion. To see this, note
that, for the case without HOI, a sufficient condition for
one virus to dominate the other is St Al < B7A?; see (Ye
et all, 12022, Corollary 3.11, statement 1). In contrast, for
the case with HOI, Proposition [f establishes that a suf-
ficient condition for one virus to dominate the other is
BrAL + B3R < BFA?. Since B1 A + BAR' < B2 A2 implies

LAY < B2A2, but the converse is false, it follows that it
is harder to achieve competitive exclusion in a bivirus net-
work with HOI. Therefore, in the context of two strains
of a wvirus, where one is benign and the other is malig-
nant, and the control strategy is to have the benign strain
dominate the malignant strain, the presence of HOI makes
control of epidemics more challenging.

6. Numerical Examples

In this section, we present two sets of numerical simula-
tions in order to showcase different aspects of the theoret-
ical contributions. In Section [6.1] we use n = 4 networks

<BII-X'-X*A?
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with simple and easily interpretable structures, that sat-
isfy Assumption [2l This allows one to clearly understand
changes to the structure (including HOIs) and the infection
rates can impact the system dynamics. We then consider
in Section a large-scale (n = 107) real-world network
with a complex and nontrivial structure. This larger net-
work satisfies Assumption [3] but not Assumption

6.1. A simple 4—node network

We present a series of simulations of the bivirus system
with HOIs to highlight interesting phenomena that can
emerge when HOIs are incorporated. The network has
n = 4 nodes, and we set D! = D? = I. The pairwise
interactions are captured by the following matrices

0 0
1 10 2
Al = 1o A=
00

O = F=O

1
0
1
0

O =O
(en s R en Rl an}

oNn=O

2
1
0
0

The HOI are captured by the following nonzero B matri-

ces (all other BF = 0):
10 0 0 0 1 0 0
1_1o 0o 1 0] p1_|1 0 0 o0
Bi=1lo 1 0 1/:Bi=10 0 o of>
o 0o 1 o o 0 o 1]
o0 0 0 0 0 1 0
2_ oo 1 1| p2_lo 0o 0 0
Bi=1o 1 0 o/»Bi=1{1 0 0 o
o 1 0 o o 0 o0 1]

First, note that A* is not irreducible for & = 1,2, and
so the graph associated with just the pairwise interac-
tions is not strongly connected (Assumption [3|is not sat-
isfied). Nonetheless, the hypergraph associated with A*
and Bf,z‘ =1,2,...,n is strongly connected for k = 1,2
(Assumption [2| is satisfied).

In our simulations, we randomly sample z¥(0) from a
uniform distribution (0, 1), and then normalize the vectors
21(0) and z2(0) to ensure that (z'(0),22(0)) € int(D).
The B¥ are varied to yield different stability properties for
the system in .

Ezample 1: We set Bi = 82 = 0.2 and B = 35 = 5.
This ensures the inequalities of both conditions for Propo-
sition [2 are satisfied. For initial conditions close to the
DFE (Fig. , the trajectories converge to the locally ex-
ponentially stable DFE, (z! = 0,22 = 0). When the ini-
tial conditions are further in the interior of D, and depend-
ing on the particular initial condition, we observe conver-
gence to one of two boundary equilibrium (both of which
are locally exponentially stable), (z1,0) or (0, z?) for some
positive Z! > 0.5 x 1 and 2 > 0.5 x 1, see Figs. and
respectively. It is important to note that, without HOIs, it
is impossible for a bivirus system to have the DFE, (z!,0),
and (0, z2) all locally exponentially stable (Liu et al.,|2019))

Ezample 2: We set 31 = 7 = 2, and B3 = 35 = 0.5.
The resulting bivirus system satisfies the first two inequal-
ity conditions in Proposition 4 The system also has two
boundary equilibria (z',0) and (0,2?), which satisfy the
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Figure 2: Trajectories of the system (2], for different simulation pa-
rameters and initial conditions. @ 2b)| andcorrespond to different
initial conditions for Example 1. and [2f] correspond to Ezam-
ple 2, for different HOI interaction strengths for virus 2, and different
initial conditions.

last two inequality conditions in Proposition ] Proposi-
tion [3] indicates that the two boundary equilibria are un-
stable, and this can indeed be verified. As noted below
Proposition |3| there is no theoretical proof that (z!,0)
(resp. (0,2?%)) is the unique boundary equilibrium for
virus 1 (resp. virus 2) but simulations suggest the unique-
ness property holds true. Figure indicates that the
system converges to a coexistence equilibrium, (!, 22) for
some &' > 0 and 22 > 0; the presence of such a coex-
istence equilibrium is predicted by Proposition |4 (though
the Proposition is silent on the stability properties of any
coexistence equilibrium). Additional simulations suggest
that this coexistence equilibrium is the unique attractor of
all initial conditions in the interior of D.

Next, we increase the HOI interaction strength for virus 2,

by changing 57 = 0.7. Fig. and |2f| show convergence
to different equilibria for different initial conditions (i.e.,
there are multiple locally exponentially stable equilibria).
Importantly, of the two stable equilibria observed, one is a
boundary equilibria (0,2?), where virus 2 is endemic and
virus 1 extinct, while the other is a coexistence equilib-
rium. Note that the inequality s(—D?+3%(I—X')A%) >0
of Proposition [3] is violated for the boundary equilibrium
(0,z?), but as noted below the proposition, this is not
enough to theoretically establish the local exponential sta-
bility of the boundary equilibrium (0,z?); this contrasts
with the bivirus system without HOIs .
Ezample 3: We set i = 2.5, B3 = 2, B7 = 2 and
B3 = 2.5. The inequalities of Theorem [5| are satisfied.
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Figure 4: The Italy mobility network used in the simulations of
Section @ Each node is one of the n = 107 provinces in Italy, with
edges representing mobility of people. Edge thickness is proportional
to the edge weight.

Figs. [3a] and [3D] reveal that there are two locally exponen-
tially stable boundary equilibria (z!,0) or (0,z?), with
convergence to either depending on the initial conditions.
However, the DFE is unstable, and no trajectories in D
converge to the DFE.

We present the next set of simulations, and then provide a
brief summary of the key insights from all the simulations.

6.2. Real-world large-scale network

In this section, we present a simulation of the bivirus
system with HOIs on a real-world large-scale network, il-
lustrating a key phenomenon that arises precisely because
there are HOIs present.

The network captures the mobility patterns of people
traveling between provinces in Italy, shown in Fig.[d] Each
of the n = 107 nodes represents a province in Italy, while
the links capture the mobility and travel of people between
provinces (including air, train, and road). The links are
weighted and directed, representing the relative volume of
travel between regions. The network is adapted from data
of [Parino et al| (2021)), but with adjustments in order to
fit the bivirus with HOI framework. We provide a brief
summary below, with full details and code available at the
following \GitHub link.

Since the original network edge weights differ by several
orders of magnitude, we remove all edges below a thresh-
old value while ensuring the resulting network G is strongly
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connected, with the adjacency matrix A being irreducible.
We then set A = A' = A? and normalize the matrices so
that the row sums are equal to 1. The two viruses are given
different infection properties by setting heterogeneous val-
ues for B¥. In particular, we set 31 = 0.3 and 52 = 0.15 By
setting D' = D? = I, we have that p(BF(DF)~14%) < 1.
Without HOIs, and as we discussed above, the DFE is
globally exponentially stable and is the unique equilibrium
in D. However, as we shall see shortly, this no longer holds
in the presence of HOIs.

To add HOIs into the network, we consider the undi-
rected graph obtained from the square of G, denoted by
graph G. Let nodes i, j, k be a weakly connected triad
(1,7, k) of G. We sample uniformly from the set of all tri-
ads of G, and for the sampled triad (i, j, k), we add this as
an HOI into the system by setting b;;, = 1. A total of 300
HOIs were added to each of G! and G? (just under 10%
of the pairwise edges), but because these were randomly
sampled from the set of triads, the two viruses have dif-
ferent HOI graphs. We set 37 = 1.5 and 35 = 2.5, so the
HOIs of the two viruses have different infection rates.

Figure [f] shows the simulation of the same network
bivirus system with HOIs, under three different initial con-
ditions; each initial condition involves sampling ¥ (0) from
a uniform distribution of some interval [a,b]. The inter-
vals are adjusted so that in Fig. zk(0) € [0,0.6] for
k = 1,2, in Fig. [5b| «}(0) € [0,0.8] and x2(0) € [0,0.1],
and in Fig. [5d #1(0) € [0,0.1] and z?(0) € [0,0.8]. We
can clearly see that the equilibrium to which the network
converges can be different between the different initial con-
ditions. The two single-virus endemic equilibria are both
locally stable, but importantly, the DFE is also locally
stable, as predicted by Proposition 2]

6.3. Remarks about the simulations

Several remarks about the simulations are in order.
First, the majority of the propositions and theorems in
Sections [] and [5] are stated under Assumption [3} and yet
in the simulations of Section the same outcomes re-
garding stability and existence of various equilibria con-
tinue to hold under the more relaxed Assumption 2] This
suggests that an important future direction is to formally
prove the results in Sections [4 and [f] will hold under As-
sumption Second, we have a number of example sys-
tems that demonstrate multi-stability, viz., having multi-
ple attractive (locally exponentially stable) equilibria with
different regions of attraction. In the classical bivirus sys-
tems without HOIs, multi-stable systems are more difficult
to come by. They are often constructed by special design
of the two-layer network to create strong asymmetry in
the spread of virus 1 and virus 2 (Anderson and Ye, 2023;
Ye et al.l [2024]). Here, all three examples appear to sug-
gest that the presence of HOIs helps to facilitate a multi-
stability property. This suggests a second line of future
work, viz., further analysis of how HOIs can lead to novel
dynamical phenomena in SIS models. Finally, of particular
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note is the tristable equilibrium configuration with specifi-
cally the DFE being locally stable. See both Example 1 in
Section [6.1] and also the real-world network in Section (.21
Such a stability configuration is impossible in the classi-
cal bivirus system (without HOIs). Indeed, without HOIs,
the network parameters in both simulation examples are
such that the DFE is globally stable and there are no other
equilibria; this is because the pairwise interactions are in-
sufficiently intense, p(3F(D¥)~1A*) < 1. The simulations
thus highlight the fact that a single-virus endemic equi-
librium can arise, and is in fact locally stable, if HOIs are
sufficiently strong (35 > B7). Local stability suggests that
one needs a sufficient concentration of the particular virus,
in order for the HOIs to have a noticeable impact on the
dynamics.

7. Conclusion

In this paper, we analyzed a competitive networked
bivirus SIS HOI model. We obtained general results on
equilibria and convergence under milder connectivity con-
ditions compared to the literature, namely, for said general
results, we do not require the pairwise interaction digraph
to be strongly connected. We then derived new conditions
for the stability and existence (or otherwise) of various
equilibria. Several lines of research are worthy of further
attention, as we have noted throughout the paper. We
mention a few additional ones as well: First, the paper
has not commented on conditions for global stability of
single-virus endemic equilibria. Hence, one line of investi-
gation may center around that. Second, provision of con-
ditions for uniqueness and local stability of the coexistence
equilibria discussed in Section [5| remains an open problem.
Third, in the context of multi-virus HOI dynamics, the
focus of the present paper has been on bivirus dynam-
ics with the interactions being restricted to groups having
size three. Hence, another thread of future work could fo-
cus on extending our modelling framework to account for
arbitrary but finite number of competing viruses and/or
interactions among groups having size n. Finally, devising
control strategies for mitigating the spread of competing
viruses with(out) accounting for HOI is another promising
research direction.
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Appendix: Proof of Theorem

We treat first the case where the A* and BY are fixed.
Consider in the shorthand form & = f(z), and to
emphasise the possibility of variations in the entries of
DF, show this explicitly by writing the equations as & =
fs(x,d), where 0 is a vector containing all the diagonal
entries of the D*. It is easily established that

dfs(z',2*, D', D*)  dfs(z', 2, D', D?) [Xl 0}

a6 a(D1, D2) 0 x? (40)

At a coexistence equilibrium, from Lemma [2] it is clear
that this matrix has full row rank. Consequently, the ma-
ofs(x,9)

I(x,0
column(s) ;lso has full row rank at a coexistence equilib-
rium.

Similarly, in preparation for considering the second
claim of the theorem, we can consider f as depending ex-
plicitly on the possibly variable A* and B*. It is helpful

trix (which is obtained simply by adding further
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to introduce a rewriting of the
Define for £ = 1,2 the matrices

key system equation ([2).

e
x®) ' By

Ck(a*) = pFAF + p§ (41)

(o) T B
This means that the system equations can be written as
il =—Dlal + (I - X' — x%)Cl(aV)a?!
2 =—D%? + (I - X' — X1HC?(2?)a?

(42)

There are a finite number of patterns of zero entries for the
AF and B* for which the hypergraph is strongly connected.
When the hypergraph is strongly connected, by Corollary

for any positive ¥ the matrices C* are irreducible. For
each matrix separately, arbitrarily choose any one such

pattern, and let v* denote the vector of nonzero entries of
the C¥; alsoset v = [(7!)T (v2)T]T. Denote the associated
f as fy(z,v). Then, one can show that

1 1 1
Ofy(2,7) [ X' — X2 0 o) 0
oy 0 I— X! Xx2 0 a(C?(2?)a?)
o2
(43)

A detailed calculation as set out in (Anderson and Yel
2023) shows that the second matrix in the product (on
the right-hand side of ) has full row rank. (The ir-
reducibility of each C*(z*) for any positive ¥ ensures in
particular that every row is nonzero, and this is the key
property which guarantees the conclusion.) We also know
from Lemma [2 that no equilibrium of can cause any
diagonal entry of I — X' — X? to be zero, which means
that the first matrix of the product is nonsingular. Hence,
the matrix on the left has full row rank at any equilibrium.

The matrix %, obtained by the addition of further

columns to %w, then has full row rank.

We now complete the proof for the first part of the
theorem. (Proof of the second part is virtually identical).
Without loss of generality, suppose that for some 6, all
diagonal entries &; of the D* satisfy 0 < § < §; < 6L
Denote the set of such § as D. Call the set of x in the
interior of the region of interest X. Then X x D is a
manifold, being a product of open sets, and f5(x,d) is a
mapping of the manifold X x D. Let the image be denoted
by Y, and let Z be the submanifold of ) consisting of the
single point Ogy. (The set f5 '(Z) is the set of zeros of f.)
Since the Jacobian of fs with respect to (z,d) has full row
rank on this set, this means that the map fs is transversal
to Z. By the Parametric Transversality Theorem, this
means that for all choices of § = §* excluding a set of
measure zero, the Jacobian W will be nonsingular
at a preimage of Z, i.e at a zero. This is equivalent to
saying that the zeros are nondegenerate. The boundedness
of the region X then guarantees that there can only be a
finite number of such zeros.
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